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^ | . Abstract 

| We study the convergence of centered and normalized sums of i.i.d. random elements 

of the space V of cadlag functions endowed with Skorohod's Ji topology, to stable distri- 
butions in T>. Our results are based on the concept of regular variation on metric spaces 
and on point process convergence. We provide some applications, in particular to the 
Oh ' empirical process of the renewal-reward process. 

1 Introduction and main results 

The main aim of this paper is to study the relation between regular variation in the space T>i 
and convergence to stable processes in £>/. Let us first describe the framework of regular vari- 
ation on metric spaces introduced by Hult and Lindskog (2005, 2006). Let I be a nonempty 
closed subinterval of K. We denote by T>i the set of real valued cadlag functions defined on 
/, endowed with the J\ topology. Let Si be the subset of Vj of functions x such that 



= sup \x(t)\ = 1 . 

A random element X in Dj is said to be regularly varying if there exists a > 0, an increasing 
sequence a n and a probability measure v on Si, called the spectral measure, such that 



^' Jim nIP ( W X h > a nX , e A ) = x~ a v{A) , (1) 



n— ¥oo 



for any Borel set A of Si such that v(dA) = where dA is the topological boundary of A. Then 
||A||j has a regularly varying right-tail, the sequence a n is regularly varying at infinity with 
index 1/a and satisfies P(||X||j > a n ) ~ 1/n. Hult and Lindskog (2006, Theorem 10) states 
that (1) is equivalent to the regular variation of the finite dimensional marginal distributions of 
the process X together with a certain tightness criterion. This will be developed in Section 3. 
In particular, (1) implies that for all t 6 I, the distribution of X(t) is also regularly varying 
at infinity with index a. 

In the finite dimensional case, it is well-known that if {A n } is an i.i.d. sequence of finite 
dimensional vectors whose common distribution is multivariate regularly varying, then the 
sum Ym=\ suitably centered and normalized converge to an a-stable distribution. In 
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statistical applications, such sums appear to evaluate the asymptotic behavior of an empirical 
estimator around its mean. Therefore we will consider centered sums and we shall always 
assume that 1 < a < 2. 

When the random variables Xi take values in Dj, the picture is not so clear and there is no 
known if and only if result. Some non trivial obstacles have to be overcome in order to adapt 
the arguments working in the finite dimensional case. One major difficulty is that addition 
in the metric space T>i is not continuous for the J\ topology. For x & T>i, let the sets of 
discontinuity points of x be denoted by Disc(x). If x and y are two functions in Vj, then 
addition may not be continuous at (x, y) if Disc(x) n Disc(y) 7^ 0. 

Our main result is the following. 

Theorem 1.1. Let {Xi} be a sequence of i.i.d. random elements ofT>j with the same distri- 
bution as X and assume that (1) holds with 1 < a < 2. Assume moreover 



(A-i) For all t £ /, u({x e <Sj , t € Disc(»}) = 0. 



(A-ii) For all n > 0, we have 



lim lim sup P 

<40 n— >oo 



Xili 



\Xi || j<a n e} 



Epa { || 



Xi I T<a n 



> a n r] 



(2) 



Then a n l Xir=i{^* — ^[^]} converges weakly in (T>j, J\) to an a-stable process H, that admits 
the integral representation 

N(t) =c a [ w(t) dM(w) , (3) 

where M is an a-stable independently scattered random measure on Si with control measure 
v and skewness intensity j3 = 1 (totally skewed to the right) and c„ = T(l — a) cos (it a/ 2). 

Remark 1.2. The process N also admits the series representation 

00 

m = E{rr 1/a wi - Etrr^Ep^]} . (4) 
i=i 

This series converges pointwise almost surely. We will prove in Lemma 1.6 that this series is 
almost surely uniformly convergent. 

Remark 1.3. Condition (A-i) means that if W is a random element of Si with distribution 
v then, for any t € I, P(i € Disc(M^)) = 0; i.e. W has no fixed jumps. See Kallenberg (2002, 
p. 286). Condition (A-i) also implies that v ® v-almost all (x,y) € S 2 , x and y have no 
common jumps. Equivalently, ifW andW are i.i.d. random elements of Si with distribution 
v, then, almost surely, W and W' have no common jump. This implies that ifW\, . . . , W n are 
i.i.d. with distribution v , then, almost surely, addition is continuous at the point (Wi, . . . , W n ) 
in(V h Ji) n . Cf. Whitt (1980, Theorem 4. 1). 

It will be useful to extend slightly Theorem 1.1 by considering triangular arrays of independent 
multivariate cadlag processes. 
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To deal with ^-dimensional cadlag functions, for some positive integer £, we endow T>\ with 
jf , the product Ji-topology, sometimes referred to as the weak product topology (see Whitt 
(2002)). We then let Sj^ be the subset of T>\ of functions x = (xi, . . . , xg) such that 

||x|| J£ = max sup |xj(t)| = 1 . 
i=i,...,e teI 

Note that in the multivariate setting, we have 

Disc(x) = Disc(rrj) . 

i=l,...,£ 

We will prove the following slightly more general result. 

Theorem 1.4. Let (m n ) be a nondecreasing sequence of integers tending to infinity. Let 
{Xi jn , 1 < i < m n } be an array of independent random elements ofT>\. Assume that there 
exists a € (1, 2) and a probability measure v on the Borel sets of (Si £, j[ ) such that v satisfies 
Condition (A-i) and, for all x > and Borel sets A such that v(dA) = 0, 



lim \ 

n. — ^no ^ — ^ 



i=l 



lim max 

n— Kx> !=l,...,m„ 



X; 



x. 



€ A 



Xi t n\\j 



> X 



lim limsup^ E [||X iiTl || J£ t\\x l , n \\ I 

1=1 



>x 



x~ a u(A) 
0, 
. 



(5) 
(6) 

(7) 



Suppose moreover that, for all rj > 0, we have 



lim lim sup 1 

^4-0 n— >oo 



( Xi^l^x^W; e <e} -E[X ijn l 



i=l 



. 



(8) 



Then Y^=i{Xi,n — ELXj jn ]} converges weakly in (T>\, Jf) to an ^-dimensional a-stable process 
i/ia£ admits the integral representation given by (3) with Si replaced by Sij. 

Remark 1.5. // ||Xj jn ||j » = Yi/a n where {Yi, i > 1} is an i.i.d. sequence and Condition (5) 
holds, then the common distribution of the random variables Yi has a regularly varying right 
tail with index a. It follows that (6) trivially holds and (7) holds by Karamata's Theorem. 

Hence Theorem 1.1 is a special case of Theorem 1.4 which shall be proved in Section 2.6. 

We conclude this section with some comments about the a-stable limit appearing in Theorem 1.1 
(or Theorem 1.4). Its finite dimensional distributions are defined by the integral representa- 
tion (3) and only depend on the probability measure v. YiXj ||A||j- is distributed according to 
v and is independent of ||-X"||j, as in Section 3.2, then Assumption (1) holds straightforwardly 
and, provided that the negligibility condition (A-ii) holds, a byproduct of Theorem 1.1 is 
that the integral representation (3) admits a version in T>i. The existence of cadlag versions 
of a-stable processes is also a byproduct of the convergence in T>i of series representations 
as recently investigated by Davydov and Dombry (2012) and Basse-O'Connor and Rosihski 
(2011). We will come back later to this question in Section 3.2 below. For now, let us state 
an interesting consequence of the Ito-Nisio theorem proved in Basse-O'Connor and Rosihski 
(2011). 
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Lemma 1.6. Let a G (1,2), v be a probability measure on Si and K be a process in T>j which 
admits the integral representation (3). Let {Ti, i > 1} be the points of a unit rate homogeneous 
Poisson point process on [0, oo) and {W, Wi, % > 1} be a sequence of i.i.d. random elements 
of Si with common distribution v, independent of {Ti}. Then E[W] defined by E[W](i) = 
E[W(*)] for all t £ L is in Vi and the series ££ 1 {I7 1/a W j ~ E[Tf 1/a ]E[W]} converges 
uniformly almost surely in T>i to a limit having the same finite dimensional distribution as 

Proof. The fact that E[W] is in T>i follows from dominated convergence and \\w\\j = 1 a.s. The 
finite dimensional distributions of S n = Yli=i{^i ^"H^ — ET^ 1//q ] E[Wj]} converge to those of 
K as a consequence of Samorodnitsky and Taqqu (1994, Theorem 3.9). Hence, to obtain the 
result, it suffices to show that the series YlZii^i ^"^i - E[r^ 1 ^ a ] E[Wj]} converges uniformly 
a.s. Note that the series X^ii^ ^ ~~ ^"ll converges almost surely, thus, writing 

oo oo oo 

j^{rr 1/a wi - E[r" 1/Q ] e[w]} = £ TT l ' a { Wl - nw}} + e[w] Y,{r; 1/a - W; 1/a }} , 

i=l i=l i=l 

we can assume without loss of generality that K[W] = 0. Define T n = Y2=l i~ 1/a Wi. By 
Kolmogorov's three series theorem (see Kallenberg (2002, Theorem 4.18)), since Y2iLi i~ 2 ^ a < 
oo and var(Wj(t)) < 1, for all t E I, T n (t) converges a.s. to a limit, say, T^it). 

Arguing as in Davydov and Dombry (2012), we apply Samorodnitsky and Taqqu (1994, Lemma 1.5.1) 
to obtain that the series X^Si l-^j ^ — is summable. This implies that the series 

A = EZi( T I 1/a ~ i~ 1/a )Wi is uniformly convergent. Hence S n — T n converges uniformly 
a.s. to A and A 6 T>i. Thus, for all t £ L, S n (t) converges a.s. to A(t) + Too(t). Since the 
finite distributions of S n converge weakly to those of which belongs to Dj by assumption, 
we conclude that A + , hence , also have a version in T>i . 

We can now apply Basse-O'Connor and Rosihski (2011, Theorem 2.1 (ii)) and obtain that, 
suitably centered, T n converges uniformly a.s. Moreover, for each t, we have E[T n (t)] = 
E[T(t)] = and 

oo oo 

E[\T(t)\ 2 } =E[\W(t)\ 2 ]Y,i~ 2/a <Y, i ~ 2/a ■ 

i=l i=l 

Hence {T(t), t € 1} is uniformly integrable. Then Basse-O'Connor and Rosihski (2011, The- 
orem 2.1 (hi)) shows that T n converges uniformly a.s. without centering. Thus S n also 
converges almost surely uniformly. □ 

It seems natural to conjecture that the limit process in Theorem 1.1 or the sum of the series 
in Lemma 1.6 is regularly varying with spectral measure v (the distribution of the process 
W). However, such a result is not known to hold generally. It is proved in Davis and Mikosch 
(2008, Section 4) under the assumption that W has almost surely continuous paths. Under 
an additional tightness condition, we obtain the following result. 

Lemma 1.7. Let a G (1,2), v be a probability measure on Si and W be a random element 
of Si with distribution v. Assume that E[W] is continuous on L and there exist p G (a, 2], 
7 > 1/2 and a continuous increasing function F such that 

n\W(s,t)\P]<{F(t)-F(s)r , (9a) 

E[\W(s,t)W(t,u)\ p ] < {F(u) - F{s)} 2 ~< , (9b) 
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where W(s,t) = W(t) - W(s) - E[W(t) - W(s)]. Then the stable process K defined by the 
integral representation (3) admits a version in T)\ which is a regularly varying in the sense 
of (1), with spectral measure v. 

Remark 1.8. Our assumptions on W are similar to that of Basse- O'Connor and Rosiriski 
(2011, Theorem 4-3) and Davydov and Dombry (2012, Theorem 1), with a few minor differ- 
ences. For instance Conditions (9a) and (9b) are expressed on a non-centered W in these 
references. Here we only require E[W] to be continuous, which, under (9a), is equivalent to 
Condition (A-i). Indeed take a random element W in Si. Then, by dominated convergence, 
E[W] is in T>i. Condition (9a) implies that W — E[W] has no pure jump. Thus under (9a), 
the process W has no pure jump if and only ifK[W] is continuous on I. 

Proof. A straightforward adaptation of the arguments of the proof of Davydov and Dombry 
(2012, Theorem 1) to the present context shows that the stable process N defined by (3) 
admits a version in T>\. This fact is also a consequence of Proposition 3.1 below, so we omit 
the details of the adaptation. 

Therefore, we only have to prove that the cadlag version of N, still denoted N, is regularly 
varying in the sense of (1), with spectral measure v. By Lemma 1.6, N can be represented as 
the almost surely uniformly convergent series 

oo oo oo 

j>r 1/a wi - m 1/a Wi}} = J2 T 7 1/a Wi + nw] j>r 1/a - Ep7 1/o ]} , 

i=l i=l i=l 

where {Ti, i > 1} are the points of a unit rate homogeneous Poisson point process on [0, oo), 
{Wi, i > 1} is a sequence of i.i.d. random elements of Si with common distribution u, 

independent of {Ti}, and Wi = Wi - E[W}. For k > 1, define S k = EZk^^^i- We 
proceed as in the proof of Corollary 2.15. Conditioning on the Poisson process and applying 
Burkholder's inequality, we have for any t E I, since ||W||j = 1, 

oo 

E[|5 4 (i)H<C^E[r- p/Q ]<oo. (10) 

i=4 

Similarly, using the conditions (9a) and (9b), for s < t < u, we have 

oo 

E[\s^s,t)S4(t,u)\p] < c Y,nr; 2p/a }n\w(s,t)w(t, u )\ p } 

i=4 

+c (jt E i T i p/a }) n\w( S ,t)m\w(t,u)n 

< C'{F(u) - F{s)} 2 ^ . 

This yields, for any 5, rj > and some constant C" > 0, 

P(/(S 4 ,(5) > t?) < C"n~ 2p {osc(F, <5)} 27-1 . 

This, with (10), implies that E^S^H^] < oo. Moreover, since p/a < 2 we have, for i = 2,3, 
E[r~ p/a ] < oo. Using HWillj < 1 for i = 2,3 we finally get that E[||5 2 ||?] < oo and Z can be 
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represented as 

oo 

iY 1/a Wx + s 2 + e[w) ^{rr 1/a - nr; 1 ^}} = r- 1/a Wx + r , 

where T = S 2 + E[W] £,= 2 {I7 1/a ~ W^'*]} ~ W'^W^ satisfies E[||T||?] < oo. Observe 
that p > a. Since T 1 has a Frechet distribution with index a, it holds that T 1 l ^ a W\ is 
regularly varying with spectral measure v, which concludes the proof. □ 

In the next section, we prove some intermediate results needed to prove Theorems 1.1 and 1.4. 
In particular, we give a condition for the convergence in T>j of the sequence of expectations. 
This is not obvious, since the expectation fonctional is not continuous in Vj. We provide 
a criterion for the negligibility condition (8) and for the sake of completeness, we recall the 
main tools of random measure theory we need. In section 3, we give some applications of 
Theorem 1.1. 



2 Some results on convergence in Vj and proof of the main 
results 

2.1 Convergence of the expectation in Vj 

Since we assume that 1 < a < 2, we must consider centered sums. To this end, we have the 
following lemma. 

Lemma 2.1. Suppose that X n converges weakly to X in (T>i,Ji). Suppose moreover that 
there exists m > such that sup n ||^n||/ < m a -S- and X has no fixed jump, i.e. for all t 6 /, 

P(t G Disc(X)) = . 

Then the maps E,[X n ] : t — > M[X n (t)] and E[X] : t — > EpT(t)] are in T>j, M[X] is continuous 
on I and E[X n ] converges to E[X] in (T>j, J\). 

Proof. Since we have assumed that sup n>0 ||^n||/ < m , almost surely, it also holds that 
|| X || j < m almost surely. The fact that E[X n ] and E[X] are in T>i follows by bounded 
convergence. Because X has no fixed jump, we also get that E[X] is continuous on I. 

By Skorokhod's representation theorem, we can assume that X n converges to X almost surely 
in T>j. By the definition of Skorokhod's metric (see e.g. Billingsley (1968)), there exists a 
sequence (A n ) of random continuous strictly increasing functions mapping / onto itself such 
that ||A n — id/|| 7 and \\X n — X o X n \\j converge almost surely to 0. By bounded convergence, 
it also holds that liim^oo E[||X n — X o A n |U = 0. Write now 

\\E[X n ] - E[X]\\j < \\E[X n -Xo\ n ]\\ I + \\E[X o A n - X]\\j . 

The first term on the right-hand side converges to zero so we only consider the second one. 
Denote the oscillation of a function x on a set A by 

osc(x;^4) = supx(t) — inf x(t) . 
t&A ^ A 
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Let the open ball centered at t with radius r be denoted by B(t,r). Since X is continuous 
at t with probability one, it holds that lim^o osc(X; B{r, t)) = 0, almost surely. Since X is 
uniformly almost surely bounded, by dominated convergence, for each t G /, we have 

limE[osc(X; 5(t,r))] = . 

r— >0 

Let n > arbitrary. For each t £ I there exists r(t,7]) G (0, 77) > such that 

E[osc(X; B(t,r(t,rj)))] < n . 

Since I is compact, it admits a finite covering by balls B(ti, eCj, i = 1, . . . ,p with e, = r(ij, r/)/2. 
Fix some £ £ (0, mini<j< p a). Then, for s G B(ti,€i) and by choice of £, we have 

o A n ( s )] - E[X(s)}\ < E[\X o \ n ( s ) - X( a )|l { || An _ idj || j < c} ] + 2mP(||A n - id/H, > C) 
< E[osc(X; B(ti,r(ti,rj))] +2mP(||A n - id/|| 7 > C) 
<r ? + 2mP(||A n -id/|| J > C) • 

The right-hand side does not depend on s, thus 

\\E[X o X n ] - E[X]\\j < i] + 2mP(||A„ - id 7 || 7 > () • 

Since ||A n — id/||j converges almost surely to zero, we obtain that 

limsup||£pf oA n ] -E[X]||j < r, . 

Since rj is arbitrary, this concludes the proof. □ 

Remark 2.2. Observe that, since E[X] is continuous, the convergence E[X n ] —> E[X] in the 
J\ topology implies the uniform convergence so it is not surprising that we did obtain uniform 
convergence in the proof. 

Remark 2.3. Under the stronger assumption that X n converges uniformly to X , then Lemma 2.1 
trivially holds since 

\\E\Xn-x\Wj <E[||x n -xy , 

and the result then follows from dominated convergence. If X is a.s. continuous the uniform 
convergence follows from the convergence in the J\ topology. If X n is a sum of independent 
variables converging weakly in the J\ topology to X with no pure jumps then the convergence 
in the J\ topology again implies the uniform convergence. See Basse- O'Connor and Rosinski 
(2011, Corollary 2.2). However, under our assumptions, the uniform convergence does not 
always hold, see Example 2.5 below. 

Remark 2.4. We can rephrase Lemma 2.1. Let m > 0. Consider the closed subset ofDj 

Bj(m) = {x S *D{I) , 11^11/ < fn\ , 

i.e. the closed ball centered at zero with radius m in the uniform metric. Let A4q be the set 
of probability measures £ on Bi(m) such that, for all t G I, x is continuous at t £-a.s., i.e. 

Vi € I , £({x G Bi(m) , t G Disc(x)}) = . 
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Then Lemma 2.1 means that the map £ J x£(dx) defined on the set of probability measures 
on B[{m) endowed with the topology of weak convergence takes its values in T>j (endowed with 
the J\ topology), and is continuous on In other words, if {£„} is a sequence of probability 
measures on (T>j, J±) which converges weakly to £, such that ^ n (Bj(m)) = 1 and £ € Mo, then 
J x£ n (dx) converges to f x£(dx) in (T>j,Ji). 

The continuity of the map £ i->- J x^(dx) is not true out of A4q, see Example 2.6 and 
Example 2. 7 below. 

Example 2.5. For I = [0,1], set X n = l[f/( n -i)/n,i] an d X = ^[u,i] with U uniform on 
[0,1]. Then the assumptions of Lemma 2.1 hold. However, X n converges a.s. to X in the J\ 
topology but not uniformly. 

Let us now provide counter examples in the case where the assumption of Lemma 2.1 on the 
limit X is not satisfied. 

Example 2.6. Let I = [0, 1], X = l[i/2,i] an d Y n = ^-\u n ,i] where U n is drawn uniformly on 
[1/2 — 1/n, 1/2]. Then X n — > X a.s. in Vj but E[Y n ] does not converge to E[Y] = X in the 
J\-topology, though it does converge in the M\-topology. 

Example 2.7. Set X n = l[ Mni i] for all n with probability 1/2 and X n = — t[ Vrij i] for all n with 
probability 1/2, where u n = 1/2 — 1/n and v n = 1/2 — l/(2n). In the first case X n — > l[i/2,i] 
in T>i with I = [0, 1] and in the second case, X n — > — l[i/2.i] *n T>j. Hence X n —¥ X a.s. in T>i 
for X well chosen. On the other hand, we have M[X n ] = ^\un,v n ) which converges uniformly 
to the null function on [0,u] U [1/2, 1] for all u £ (0, 1/2), but whose sup on I = [0, 1] does 
not converge to 0; hence E[X n ] cannot converge in T>j endowed with J\, nor with the other 
usual distances on T>j such as the Mi distance. 



The assumption that ||Yn||/ is bounded independently of n can be replaced by a uniform in- 
tegrability assumption. Using a truncation argument, the following corollary is easily proved. 
The extension of the univariate case to the multivariate one is obvious in the product topology 
so we state the result in a multivariate setting. 

Corollary 2.8. Suppose that X n converges weakly to X in (T>j,j(). Suppose moreover that 
X has no fixed jump and {||^n||j-^ , n > 1} is uniformly integrable, that is, 



lim lim sup E 

M->oo n-i-oo 



l^nllv 1 {ll^«ll/f> A/ } 



. 



Then the maps E[X n ] : t -» E[X n (t)] and E[X] : t -> E[X(t)] are in V\, ELY] is continuous 
on I and E[Y n ] converges to ELY] in (T>j,jf). 



2.2 Weak convergence of random measures 

Let X be a complete separable metric space (CSMS). Let denote the set of boundedly 

finite nonnegative Borel measures \x on X, i.e. such that n(A) < oo for all bounded Borel 
sets A. A sequence (/%) of elements of Ai(X) is said to converge weakly to fi, noted by 
fJ'n -^ w * A 4 ' ^ lhn n _ s . 0O Hn(f) = m(/) f° r an continuous functions / with bounded support 
in X. The weak convergence in M(X) is metrizable in such a way that A4(X) is a CSMS, 
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see Daley and Vere-Jones (2003, Theorem A2.6.III). We denote by B(M(X)) the correspond- 
ing Borel sigma-field. 

Let (M n ) be a sequence of random elements of (M(X),B(M(X))). Then, by Daley and Vere-Jones 
(2008, Theorem 11.1. VII), M n converges weakly to M, noted M n =>- M, if and only if 

(M n (A 1 ),...,M n (A k )) (M(Ai),...,M(^)) in R k 

for all A; = 1, 2, ... , and all bounded sets A±, . . . , A k in ^(.M^)) such that M(dAi) = a.s. 
for all i = 1, . . . , k. As stated in Daley and Vere-Jones (2008, Proposition 11.1. VIII), this is 
equivalent to the pointwise convergence of the Laplace functional of M n to that of M, that 
is, 

lim E[e- M "^] = E[e~ M ^] , (11) 

n— >oo 

for all bounded continuous function / with bounded support. 

A point measure in Ai(X) is a measure which takes integer values on the bounded Borel sets 
of X. A point process in M(X) is a random point measure in Ai(X). In particular a Poisson 
point process has an intensity measure in A4(X). In the following, we shall denote by M{X) 
the set of point measures in M{X) and by Aif(X) the set of finite measures in Ai(X). 

Consider now the space T>j endowed with the J\ topology. Let 5 be a bounded metric gener- 
ating the J\ topology on Vj and which makes it a CSMS, see Billingsley (1968, Section 14). 
From now on we denote by Xj = (T>j,S A 1) this CSMS, all the Borel sets of which are 
bounded, since we chose 5 bounded. We further let N*(Xi) be the subset of point measures 
m such that, for all distinct x and y in T>i such that Disc(x) n Disc(y) 7^ 0, m({x,y}) < 2. 
In other words, m is simple (the measure of all singletons is at most 1) and the elements of 
the (finite) support of m have disjoint sets of discontinuity points. 

Lemma 2.9. Let <ft : J\f(Xj) —> T>i be defined by 

4>{m) = j w m(dw) . 

LetAf(Xj) be endowed with the w& topology and T>j with the J\ topology. Then (p is continuous 
on M*(Xj). 



This result follows from Whitt (1980, Theorem 4.1), which establishes the continuity of the 
summation on the subset of all (x, y) € T>\ x T>i (endowed with the product Ji topology) 
such that Disc(x) n Disc(y) = 0. However it requires some adaptation to the setting of finite 
point measures endowed with the w& topology. We provide a detailed proof for sake of 
completeness. 

Proof. Let (yu n ) be a sequence in J\f(Xj) and \i € N*{Xj) such that fi n —)•„,# ^. We write 
H = Ylk=i ^Vk-> where S x denotes the unit point mass measure at x and p = fJ,(T>i). Since 
/i is simple, we may find r > such that, /i(i3(yfc,r)) = 1 for all k = l,...,p, where 
B(x,r) = {y £Vj : 5(x,y) < r}. Let g k be the mapping defined on m € N(Xi) with values 
in T>j defined by 

'0 ifm(B(y k ,r/2))^l, 
x otherwise , 



9k{m) 
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where, in the second case, x is unique point in the intersection of B(y k ,r/2) with the support 
of m. 

Now, for any r' € (0, r) and all k = l,...,p, since dB(y k ,r') C B(y k ,r) \ {y k }, we have 
fi(dB(y k , r)) = and thus 

lim v n (B(y k ,r')) = fi(B(y k , r')) = 1 • (12) 
On the other hand, since T>j is endowed with a bounded metric, we have 

lim /%(£>/) = /i(£>/) = p . 

n— too 

It follows that, for n large enough, 

p 

k=l 

By Whitt (1980, Theorem 4.1), to conclude, it only remains to show that each term of this 
sum converges to its expected limit, that is, for all k = 1, ... ,p, g k (fi n ) — > Vk m %l as n — > oo. 

Using (12), we deduce that, for all r' € (0,r/2), 

lim sup 5(g k (//„), y k ) < r' , 

n— >oo 

which shows the continuity of g k at \x and achieves the proof. □ 



To deal with multivariate functions, we endow Xf with the metric 

e 

8 e ({xi, . . .,x e ), (x[,.. . ,4)) = J2 6 ( Xi ' x '^ ' 

i=l 

so that the corresponding topology is the product topology. We immediately get the following 
result. 

Corollary 2.10. Let $ : M{Xf) -> V\ be defined by 

$(m) = w m(dw) . 



Let N(Xj) be endowed with the w& topology and T>\ with the Jf topology. Then $ is contin- 
uous on M*{Xf). 



Proof. Let us write <E> = ($i, . . . , with each <£j : J\f(Xf) — > Vj. Since jf is the product 
topology, it amounts to show that each component ^ is continuous on J\f(Xf). We shall 
do it for i = 1. Observe that the mapping m i— > m\ defined from Af(Xj) to J\f(Xj), by 
mi(A) = m(A x 'Dj -1 ) for all Borel set A in Xj is continuous for the — > w # topology. Moreover 
we have $i(m) = 4>(. m i) an d m € J\f*(Xj) implies m\ € J\f*(Xj). Hence, by Lemma 2.9, <3?i 
is continuous on J\f*(Xf), which concludes the proof. □ 
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We now consider the space (0, oo] x Si/, which, endowed with the metric 

d({r,x),{r',x')) = \l/r-l/r'\ + S i (x,x') , 

is also a CSMS. For convenience, we shall denote the corresponding metric space by 

y^e = ((0,oo] x Sij,d) . 

In this case the necessary and sufficient condition (11) must be checked for all bounded 
continuous function / defined on yj £ and vanishing on (0, rf) x Sj £ for some rj > 0. 

The following consequence of Corollary 2.10 will be useful. 
Corollary 2.11. Let \i £ M(yi t e) and e > be such that 

(D-i) for all t 6 I, fi({(y, x) € y^i , t € Disc(x)}) = 0, 
(D-ii) n({e,oo} x S Ij£ ) = 0. 

Let M be a Poisson point process on yj £ with control measure \i. Let {M n } be a sequence 
of point processes in Mtyij) which converges weakly to M in Mtyii). Then, the weak 
convergence 



yw M n (dy,dw) => / / yw M(dy,dw) (13) 

(e,oo) J Sj t £ J (e,oc) J Sij 



holds in jf) and the limit has no pure jump. 
Proof. Let us define the mapping ip : yj £ —> Xf by 

ijj(y,w) -- 



yw if y < 00, 
otherwise. 



Let further ^ : M.(yi/) — >■ M(Xf) be the mapping defined by 

Mm)](A) = m {^(A) n ((e, 00) x 5/,,)) , 
for all Borel subsets A in ftA(Xf). Since 

d(A n ((e, 00) x s T) £)) cdAn ({e, 00} x s^)) , 

we have that m (->• m(- H ((e, oo) x Sj £ )) is continuous from M(yj £ ) to Mtyi £) on the set 

T x = {n e M(y Itt ) : /i({e, 00} x 5/^)} = . 

Using the continuity of ip on (0, 00) x Sj £ , it is easy to show that m 1— Y m o ip -1 is continuous 
on 

r 2 = {fi e Miy^) : 3M > 0, fi([M, 00] x s Itt ) = 0} . 
Hence ^ is continuous on T = T± n r 2 . With Corollary 2.10, we conclude that 



m 1— )• / / yu> m(dy, du;) = / w f (m)(dw) 

'(e,oo) ^5/^ 
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is continuous as a mapping from 'I'" 1 (Af (Xj)) endowed with the — > w # topology to (T>j,jf) 
on the set ^>~ 1 (Af*(Xi)) n T. Thus the weak convergence (13) follows from the continuous 
mapping theorem, and by observing that the sequence (M n ) belongs to 4' _1 (A/'(< ; f/)) for 
all n and that, by Conditions (D-i) and (D-ii), M belongs to ^~ l (N*{Xi)) n T a.s. (see 
Remark 1.3). 

The fact that the limit has no pure jump also follows from Condition (D-i). □ 

2.3 Convergence in T>\ based on point process convergence 

The truncation approach is usual in the context of regular variation to exhibit a-stable ap- 
proximations of the empirical mean of an infinite variance sequence of random variables. 

The proof relies on separating small jumps and big jumps and rely on point process conver- 
gence. In the following result, we have gathered the main steps of this approach. To our 
knowledge, such a result is not available in this degree of generality. 

Theorem 2.12. Let {N n , n > 1} be a sequence of finite point processes on X and N be a 
Poisson point process on yn with mean measure \x. Define, for all n > 1 and e > 0, 

Z e = / yw N(dy, dw) , 

J (e,oo) J Sj i 



S n 



(e,oo) JSi,i 



yw N n (dy,dw) , 



(0,e] JS hi 



yw N n (dy,dw) , 



which are well defined in T>\ since N and N n have finite supports in (e, oo) x Si i and (0, oo) x 
Si/, respectively. Assume that the following assertions hold. 

(B-i) N n ^ N in (Miy^^iMiy^))). 

(B-ii) For all t el, fi({(y,x) G y^n , t € Disc(x))}) = and ^{{oo} x S/ i<? ) = 0. 
(B-iii) / y 2 fj,(dy, Si : g) < oo. 

7(0,1] 



lim E 

n— >oo 



(e,oo) 



y N n (dy,Sij) 



Sit) ~- 




= E 









yN(dy,Si, 



(e,oo) 



yn(dy,Si r 



(B-v) The following negligibility condition holds : for all r/ > 0, 

limhmsupPdl^-E^II.^T? 

Then the following assertions hold. 



0, 



(14) 



12 



(CI) For each e > 0, Z € 6 T>j, E[Z t ] S 2?f and Z e — E[Z € ) converges weakly in (T>j, jf) to a 
process Z as e — > 0. 

(C2) 5 n — E[5 n ] converges weakly in (T>j, Jf) to Z . 
Proof. For e > 0, we define 

S>*= [ [ ywN n (dy, dw), S>* = S> £ - E[S> e ] , S<* = S< e - E[5< £ ] , 

J (e,oo) J <S/ ^ 

which are random elements of T>j. By Corollary 2.11 and Conditions (B-i) and (B-ii), we have 
that S> e converges weakly in (T>j, Jf) to Z e , provided that /x({e} x Sj t e) = 0, and Z e has no 
pure jump. 

Define Y n>e = J^ e ^y N n (dy,Si/). By Condition (B-i) and the assumption that /i({e,oo} x 
— 0) we have that Y n ^ converges weakly to Y e = f,^yN(dy,Si t t). Condition (B-iv) 
is then equivalent to the uniform integrability of the sequence Y n ,z- Since ||5^ e ||j e < Y n ^ 
we get that {\\S^ e \\ I * , n > 1} is uniformly integrable. Applying Corollary 2.8, we get that 
EfS^ 6 ] converges to E[Z e ] in (T>j,jf) and that E[Z e ] is continuous on /. Thus addition is 
continuous at (Z e ,E[Z e ]). See Whitt (2002, p. 84). We obtain that, for all e > 0, as n — > oo, 

S> e ^Z e - E[Z e ] in Vi . (15) 

Define S n = S n - E[S n ]. Then 

S n = + (16) 

and by (14), we have, for all r) > 0, 

limlim sup P( ||><? n - S> € \\ 1£ > rj) = . (17) 

By Billingsley (1968, Theorem 4.2), Assertion (CI) and (17) imply Assertion (C2). Hence, 
to conclude the proof, it remains to prove Assertion (CI), that is, Z e converges weakly in 
(X>j, Jf) to a process Z. For all t G / and < e < e', we have 

Z e (t) - M*) = / / */«>(*) ^(dy.dw) , 

J{e,€'] JS It e 

where A is a Poisson process with intensity measure fi. Thus, denoting by \a\ the Euclidean 
norm of vector a and by Tr(A) the trace of matrix A, we have 

E[\Z e (t) - Z e ,{t)\ 2 ] = Tr (Cov(Z e (t) - Z e ,{t))) 

= [ [ y 2 \w(t)\ 2 fJ,(dy,dw) 

<l [ y 2 ii(dy,S Itt ) . 

We deduce from (B-iii) that Z e (t) — Z\(t) converges in 1? as e tends to 0. Thus there exists 
a process Z such that Z e converges to Z pointwise in probability, hence in the sense of finite 
dimensional distributions. To obtain the convergence in (X>|, jf), since we use the product 
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topology in Tq, it only remains to show the tightness of each component. Thus, hereafter we 
assume that I = 1. Denote, for x G T>j, 5 > and a subinterval J C I, 

w"(x, 5) = sup{\x(t) - x(s)\ A \x(u) - x(t)\ ; s < t < u G / , [it - s| < 5} (18) 
osc(x; J) = sup{x(t) — x{s) ; s,t & J} . (19) 



By Billingsley (1968, Theorem 15.3), it is sufficient to prove that, for all r] > 0, 

lim sup P(p £ |L > A) = , 

A-K»o< e <l 

limlimsupP(w/'(.Z £ ,5) > rj) = , 
limlimsupP(osc(Z £ ; [a, a + 5)) > rj) = , 
limlimsupP(osc(Z £ ; [6 - d, b)) > rj) = , 



(20) 
(21) 
(22) 
(23) 



where / = [a,b]. We start by proving (20). For any eo G (0,1] and e G [eo,l], we have 
||^e|| 7 < /( £0>oo ) yN(dy,S!), whence 



sup P(||Z e |L > A) < A _1 E 

e <e<l 



(eo,oo) 



yN(dy,S!) 



which is finite by Condition (B-iv). 

This yields that lim,4_). 0O sup e „< e <i P(||W e ||j > A) = and to conclude the proof of (20), we 
only need to show that, for any rj > 0, 



lim sup ] 

eo-i-0 0<e<e 



\Z r -Z f 



\ 1 >v) 







The arguments leading to (15) can be used to show that, for all < e < eo, 



C>eo _ C 



in T>! 



(24) 



(25) 



(although the latter is not a consequence of (15) because Z £0 and Z e have common jumps). 
By definition (see (16)), we have S^ e ° — S< e = S> e — S^ e °. By (25) and the continuous 
mapping theorem, we get that [[i^ — 5^ <E || 7 - =>• \\Z eo — Z e \\ r Thus, by the Portmanteau 
Theorem, for all rj > 0, 

P(||Z £0 - Z e \\j >r,) = limsu P P(||S< e ° - S<% 1 > rj) 

n~ s-oo 

< limsupPdl^ 60 ^ - +KmsupP(\\S< e \\ I > rj/2) . 

n— >oo n— >oo 

We conclude by applying Condition (B-v) which precisely states that both terms in the right- 
hand side tend to zero as eo tends to 0, for any rj > 0. This yields (24) and (20) follows. 

Define now the modulus of continuity of a function x G T>j by 

osc(x, 5) = sup{|x(i) — x(s)\ , s,t G I , \t — s\ < 5} . 
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We shall rely on the fact that, for any x, y G Pj, 

u/'(x + y, S) < w"(x, 5) + w(y, 5) . 

Note that this inequality is no longer true if w(y, 5) is replaced by w"(y, 5). We get that, for 
any < e < e and 6 > 0, 

w"(Z e , 5) < w"{Z eo ,5) + w(Z e - Z eo ,8) 

<w"(Z £0 ,5)+2\\Z e -Z eo \\ I . (26) 

Since Z eo is in T>j, we have, for any fixed eo > 0, 

YimF(w"(Z t0 ,5) >rj)=0. 

Hence, with (24), we conclude that (21) holds. Similarly, since, for each subinterval T, we 
have 

osc(Z e ;T) < osc(Z eo ;T) +2 \\Z e - Z eo \\i > 
so we obtain (22) and (23). This concludes the proof. □ 

2.4 Regular variation in T> and point process convergence 

Let now {Xj jn , 1 < i < m n } be an array of independent random elements in T>i and define 
the point process of exceedances -/V n on (0, oo] x Sij by 

mn 

N n = T, S HX II ..V. ' ( 2? ) 
— * |l^-i,n||jj! II II 

1 = 1 \\^i,n\\j 

with the convention that <5o,o/o is the null mass. If the processes X n j, 1 < i < m n are i.i.d. for 
each n, then it is shown in de Haan and Lin (2001, Theorem 2.4) that Condition (1) implies 
the convergence of the sequence of point processes -/V n to a Poisson point process on Vj. We 
slightly extend here this result to triangular arrays of vector valued processes. 

Let N be a Poisson point process on y^i = (0, oo] x Si/ (see Section 2.2) with mean measure 
li a defined by [i a (dydw) = ay~ a ~ 1 dyv{dw) . 

Proposition 2.13. Conditions (5) and (6) in Theorem 1.4 implies the weak convergence of 
N n to N in (M(yis),B(M(yid)). 

Proof. As explained in Section 2.2, we only need to check the convergence 

lim E[e _JVn(/) ] = Ee~ N{f) (28) 

n— >oo 

for all bounded continuous functions / on (0, 00] x Si/ and vanishing on (0, e) x Si t i for some 
e > 0. Consider such a function /. We have 

logEfe-W)] = J^log (l + E [gdlXi^Wj^X^J \\X iin \\ Iit ) 
i=l 
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where we denoted g : (y, w) *— > e~f(y> w ) — 1, which is continuous and bounded with the same 
support as /. Moreover g is lower bounded by some constant A > — 1. It follows that there 
exists a positive constant C such that 



loe 



E 



I X{ n || / £ ; ^-i,n/ \ \ X{ n \\j t 

<CF 2 (\\X l!n \\ ie >e) 



<n ¥(\\XiJ\ Tf > e). Then 



Define S n = maxj=i 



i=l 



<C6 n Y f F(\\X itn \\ IA >e) 



i=l 



Since 5 n = o(l) by (6) and YT=i p (ll x i,n||/ 1 > e) = 0(1) by (5), we obtain 



i=l 



We conclude by applying (5) again. 



□ 



2.5 A criterion for negligibility 

Condition (B-v) is a negligibility condition in the sup-norm. It can be checked separately on 
each component of S^ £ — E,[S^ e ]. We give here a sufficient condition based on a tightness 
criterion. 

Lemma 2.14. Let {U e ^ n , e > 0,n > 1} be a collection of random elements in T>j such that, 
for all t € I, 

(29) 



and, for all rj > 0, 



lim limsup v&r(U e%n (t)) = , 



lim sup limsupPfW^t/^n, 5) > rj) = 



(30) 



where w" is defined in (18). Then {U e ^ n , e > 0, n > 1} satisfies the negligibility condi- 
tion (B-v), that is, for all r\ > 0, 



lim lim sup P (||£4,n||j > rj) = . 

e— ^0 n— >oo 



(31) 



Proof. By (29) and the Bienaime-Chebichev inequality, we get that, for all r/ > and t E I, 

limlimsupP(|C/ £in (t)| > 77) = . 

It follows that, for any p > 1, t\ < • • • < t p and rj > 0, 



lim lim sup P( max |!7 en (ijb)| > 77) = . 

e->0 n^oo fc=l,...,p 



(32) 
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Note now that for any 5 > 0, we may find p > 1 and t\ < t\ < ■ ■ ■ < t p , such that for all 
x 6 V 

\\ x \\l < w'(x,5) + max |a;(ifc)| . (33) 
fc=l,...,p 

Fix some C > 0. By Condition (30), we can choose S > such that limsup n _ foo F(w"(U etn , 5) > 
rj) < C f° r an e G (0, 1]- Choose then p and t\ < t\ < • • • < t p such that (33) holds. Thus, 
by (32), we obtain 

lim limsupP (||£/ e ,n||_ f > f?) 

< sup lim sup ¥(w" (U e>n , 5) > n) + lim lim sup P( max \U^ n (t k )\ > rj/2) < ( , 

0<e<l n-XX3 e ~>° n->oo k=l,...,p 

which concludes the proof since £ is arbitrary. □ 

In order to obtain (30), we can use the tightness criteria of Billingsley (1968, Chapter 15). 
We then get the following corollary. 

Corollary 2.15. Let X,Xi,i > 1, be i.i.d. random elements inT>j such that \\X\\j is regularly 
varying with index a £ (1, 2). Let {a n } be an increasing sequence such that lin^^oo nP(||X|| 1 > 
a n ) = 1. Assume that there exist p & (a, 2], 7 > 1/2 and a continuous increasing function F 
on L and a sequence of increasing functions F n that converges pointwise (hence uniformly) to 
F such that 

sup na-PM[\X e>n {s,t)\P} < {F n (t) - F n (s)y , (34a) 

0<e<l 

sup n 2 a- 2 m[\X e:n (s,t)\ p \X e , n (t,u)\ p } < {F n (u) - F n (s)} 2 ^ , (34b) 

0<e<l 

where 

X e , n ( S ,t) = {X(t) — X(s)}l\\ x \\ I <a n e — IE 

Then the negligibility condition (31) holds with 

n 

U £ , n = a- iy £{Xit llXih < ane -E 

i=i 

Proof. We apply Lemma 2.14. By the regular variation of ||-X"||j, it holds that 
limsupvar(£/ e , n (i)) < limsupna~ 2 E[||X||, l{||x|| / <a„e}] = 0(e 2 ' a ) , 

which yields (29). 

By Burkholder's inequality, (Hall and Heyde, 1980, Theorem 2.10), and conditions (34a) 
and (34b), we have, for some constant C > 0, for any e G (0, 1], 

E[\U ejn {s, t)\ p \U e>n (t, u)\ p ] < Cna~ 2p E[\X e>n (s, t)\ p \X e>n (t, u)\ p ] 

+ C n 2 a~ 2p E[\X e , n (s, t) \ p ] E[\X e>n (t, u)\ p ] 
<2C{F n (u)-F n (s)}^ . 



{X(t)-X(s)}t mi < a , 



x,.h 



X{ || T<.a n e 
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By Markov's inequality, this yields 

V(\U e>n {s,t)\ > A , \U e , n (t,u)\ > A) < C\- 2p {F n (u) - F n (s)} 2 ^ . 

Arguing as in the proof of Billingsley (1968, Theorem 15.6) (see also the proof of the Theorem 
of Genest et al. (1996, p. 335)), we obtain, for 5 > and rj > 

K 

nw"(s<*,s) > V )< cv 2p e™^) - F n(ti-i)} 21 , 

i=l 

where C is a constant which depends neither on e € (0, 1] nor on 5 > 0, K > 1/(2(5) and 
ti < • • • < tx are such that |ij — < 5 and I C U™ =1 [ij_i, ij]. Thus 

sup limsupP(u/ / 0<?< e ,<5) > rj) < C" T]~ 2p {osc{F, J)} 2 ^ 1 , 

0<e<l n-i>oo 

where C" does not depend on 5. Since F is continuous and 7 > 1/2, this yields (30). □ 
2.6 Proof of Theorem 1.4 

We apply Theorem 2.12 to the point processes N n and iV defined in Section 2.4 and the 
measure jjL a in lieu of [i. By Proposition 2.13, we have that N n converges weakly to iV in 
M(yi l), i.e. Condition (B-i) holds. Condition (A-i) and the definition of fi a imply (B-ii). 
Condition (8) corresponds to Condition (B-v). Condition (B-iii) is a consequence of the 
definition of /j, a : 



[ 1? n«(dy,S Itt ) = f ay 2 - a ~ l at 
J(o,i] Jo 



a 



2- a 



Define 



Y n , e = f yN(dy,S Ije ), Y e = [ y N(dy,S Iy 



'(e,oo) J (e,oo) 

It remains to prove (B-iv), that is, 

/■oo 

lim E[Y n>e ] =E[Y e ]=a / y~ a dy . (35) 

n^oo J e 

Let a n be the measure on (0, 00] defined by 

a n ((x,oo}) = ^2¥(\\X i:n \\ I/ > x) . 



t=i 



Condition (5) implies that a n converges vaguely on (0, 00] to the measure with density ax' 
with respect to Lebesgue's measure. Thus, (35) is equivalent to 



-a-l 



lim / y a n (dy) = a y a dy . (36) 
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For any x > e, we write 

poo px poo 

/ yv n (dy)= ya n (dy) + ya n {dy) 

J e J e J x 

/X Win 

Applying the vague convergence of o n and Condition (7) yields (36). Thus (B-iv) holds. 
Finally, the representation (3) follows from Samorodnitsky and Taqqu (1994, Theorem 3.12.2). 



3 Applications 



The usual way to prove the weak convergence of a sum of independent regularly varying 
functions in T>j is to establish the convergence of finite-dimensional distributions (which 
follows from the finite-dimensional regular variation) and a tightness criterion. We consider 
here another approach, based on functional regular variation. It has been proved in Lemma 2.4 
that functional regular variation implies the convergence of the point process of (functional) 
exceedences. Thus, in order to apply Theorem 1.1 or Theorem 1.4, an asymptotic negligibility 
condition (such as (2) or (8), respectively) must be proved. Since the functional regular 
variation condition takes care of the "big jumps", the negligibility condition concerns only 
the "small jumps" , i.e. we must only prove the tightness of sum of truncated terms. This can 
be conveniently done by computing moments of any order p > a, even though they are infinite 
for the original series. We provide in this section some examples where this new approach 
can be fully carried out. 



3.1 Invar iance principle 

We start by proving that the classical invariance principal is a particular case of Theorem 2.12. 
Let {zi} be a sequence of i.i.d. random variables in the domain of attraction of an a-stable 
law, with a € (1,2). Let a n be the 1/n-th quantile of the distribution of \z\\ and define the 
partial sum process S n by 

[nt] 

S n (t) = a- 1 ^2(z k -E[z 1 ]) . 
k=i 

For u € [0, 1], denote by w u the indicator function of the interval [u, 1] i.e. w u (t) = lr Uj i](t) 
and define X k ^ n = a~ l z k w k / n . Then we can write S n = YJk=\{ x k,n ~ E[X k ,n])- We will 
apply Theorem 1.4 to prove the convergence of S n to a stable process in T>{I) with / = [0, 1]. 
By Remark 1.5, we only need to prove that (5) holds with a measure u that satisfies Condi- 
tion(A-i) and the negligibility condition (8). Let v be the probability measure defined on S\ 
by !/(■) = Jq S Wu (•) du, fi a be defined on (0, oo] x Si by /x a ((r, oo] x •) = r~ a z/(-) and fi n be 
the measure in the left-hand side of (5). Since ||Xjt >n ||j = z k /a n , and the random variables z k 
are i.i.d. and w k j n are deterministic, we have, for all r > and Borel subsets A of 5/, 

/U n ((r,oo] x A) = (nP(zi > a n r)) x -^l {wk£A] 
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By the regular variation of z\, the first term of this product converges to r~ a . The second 
term of this product can be written as P n o <f)~ l (A), where P n = n~ l X)fc=i ^k/n is seen as a 
probability measure on the Borel sets of [0, 1] and <f> : [0, 1] — > T>j is defined by <p(u) = w u . 
Since <f> is continuous (with T>j endowed by J±) and P n converges weakly to the Lebesgue 
measure on [0, 1], denoted by Leb, by the continuous mapping theorem, we have that P n o^) _1 
converges weakly to Leb o _1 = v. This proves that (5) holds. 

To prove Condition (8), note that 

k 

2 ( Zkl {\zk\<a n e}-^[zkl{\z k \<a n e}]) , 
i=l 

where S^ e denotes the sum appearing in the left-hand side of (8). By Doob's inequality 
(Hall and Heyde, 1980, Theorem 2.2), we obtain 

n\K e \\l] < 2 var (a' 1 f>l { |, fe |<„„ e }) < ^E^l^,^] = 0(e 2 ~ a ) , 
by regular variation of z\. This bound and Markov's inequality yield (8). 



II-S^PH r = o,„ 1 max 

11 n 117 n l<k<n 



3.2 Stable processes 

Applying Corollary 2.15, we obtain a criterion for the convergence of partial sums of a se- 
quence of i.i.d. processes that admit the representation RW, where R is a Pareto random 
variable and W 6 Si. This type of process is sometimes referred to as (generalized) Pareto 
processes. See Ferreira and de Haan (2012). 

Proposition 3.1. Let {R,Ri} be a sequence of i.i.d. real valued random variables in the 
domain of attraction of an a-stable law, with 1 < a < 2. Let {W,Wi,i > 1} be an i.i.d. 
sequence in Si with distribution v satisfying the assumptions of Lemma 1.7, and independent 
of the sequence {Ri}. Then, defining a n as an increasing sequence such that by P(i? > a n ) ~ 
1/n, a~ l Y17=i{RiWi — E[i2]E[W]} converges weakly in T>i to a stable process Z which admits 
the representation (3). 

Remark 3.2. By Lemma 1.6, the stable process Z also admits the series representation (4), 
which is almost surely convergent in T>i and by Lemma 1.7 it is regularly varying in the sense 
of (1), with spectral measure v. As mentioned in the proof of Lemma 1.7, the proof we give 
here of the existence of a version of Z in T>i is different from the proof of Davydov and Dombry 
(2012) or Basse- O'Connor and Rosiriski (2011). 

Proof of Proposition 3.1. We apply Theorem 1.1 to Xj = RiWi. The regular variation condi- 
tion (1) holds trivially since \\X\\j = R is independent of X/ \\X\\j = W. Condition (9b) 
implies that W has no fixed jump, i.e. Condition (A-i) holds. Thus we only need to 
prove that the negligibility condition (A-ii) holds. Write S< e = a~ l Y^i=i{Ri^-{Ri<ea„}Wi — 
E[ J Rl{i ? < a „e}]lE[W / ]} and r n>i = a^Rit^^y. Then, 

n n 

S n e = /Z r n,i{Wi -E[W]} + nW]^2{r n:i -E[r nji ]} . (37) 
i=i i=i 
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Since ||E[W] \\j < 1, the second term's infinite norm on / can be bounded using the Bienayme- 
Tchebychev inequality and the regular variation of R which implies, for any p > a, as n — > oo, 

nK,i\ p ] ~ e p ~ a n- 1 . (38) 

p — a 

Hence we only need to deal with the first term in the right-hand side of (37), which is hereafter 
denoted by S< e . Since R is independent of W, Conditions (34a) and (34b) are straightforward 
consequences of (9a) and (9b). Thus Condition (A-ii) holds by Corollary 2.15. The last 
statement follows from Lemma 1.7 □ 



3.3 Renewal reward process 

Consider a renewal process N with i.i.d. interarrivals {Yi,i > 1} with common distribution 
function F, in the domain of attraction of a stable law with index a € (1,2). Let a n be a 
norming sequence defined by a n = F*~(l — 1/n). Then, for all x > 0, 

lim nF(a n x) = x~ a . 

Consider a sequence of rewards {Wi,i > 1} with distribution function G and define the 
renewal reward process R by 

R(t) = W m . 

let <j) be a measurable function and define At(4>) by 

A T (<t>)= [ T 0(R(s))ds . 



Jo 

We are concerned with the functional weak convergence of At- We moreover assume that the 
sequence {(Y, W), (Yi,Wi),i > 1} is i.i.d. and that Y and W are asymptotically independent 
in the sense of Maulik et al. (2002), i.e. 

lim n¥ \( — ,W) 6 • J A [i a ® G* (39) 



n— >-oo \ \ CI 



on ]0, oo] x M, where G* is a probability measure on K. This assumptions is obviously satisfied 
when Y and W are independent, with G* = G in that case. 

When Y and are independent and E[|0(l^)| a ] < oo, it has been proved by Taqqu and Levy 
(1986) that a^iAr^) - E[A T (4>)]} converges weakly to a stable law. 

Define A = (E[Y]) _1 and 

F (w) = \E[Y1 {W < W} ) . 

Then Fq is the steady state marginal distribution of the renewal reward process and lim^oo ¥(R(t) < 
w) = Fq(w). For ioeR, consider the functions lr< w \, which yields the usual one-dimensional 
empirical process: 



E T (w) = a T l I {1{M S )< W \ - F (w)}ds . 
Jo 



21 



Theorem 3.3. Assume that (39) holds with G* continuous. The sequence of processes Et 
converges weakly in D(M) endowed with the J\ topology as T tends to infinity to the process E* 
defined by 

/oo 
{l {x < w} - F {w)}M{dx) , 
-oo 

where M is a totally skewed to the right stable random measure with control measure G* , i.e. 



logE 



a M/!^(ti,)M(diiO 



\t\ a Xc a E[\(b(W*)\ a ]{l + isign(i)/3(</>)tan(7ra/2)} , (40) 



where W* is a random variable with distribution G* , = T(l — a) cos(-7tq/2) and /3(</>) = 
E[0l(W*)]/E[\0{W*)\ a }. 

Remark 3.4. Equivalently, E* can be expressed as E* = Z o G* — Fq ■ Z(l), where Z is a 
totally skewed to the right Levy a-stable process with characteristic function E [e 1 *^ 1 )] = 
exp{— |t| Q Ac Q {l + isign(t) tan(-7TQ/2)}. If moreover Y and W are independent, then the 
marginal distribution of R(0) is G, G* = G and the limiting distribution can be expressed 
as Z o G — GZ(1) and thus the law of sup w ^ E* (w) is independent of G. 

Proof. Write 

N(T) 

E T (w) = a^, 1 Y i^{Wi<w} + a^}{T - S N (t)}^-{w n (t)<w} ~ «t 1 ^ E [^ 1 {W / <«'}] 

i=0 
N(T) 

= a? 1 ]T W{w;<«,} " nYt {w < w} } - a^{S N{T) - X~ 1 N(T)}F (w) (41a) 

i=0 

- a^iSNiT) ~ T}{1 {Wn(t) < w} ) ~ XE[Yl {w < w} }} . (41b) 

The term in (41b) is op(l), uniformly with respect to w £ M.. Define Ui = G*(Wi) and 
U = G*(W). Define the sequence of bivariate processes S n on / = [0, 1] by 

n 

s n (t) = a- 1 {Yi[i {Ui <t}, i]' - ny[hu t < t} , i]']) , 

where x' denotes the transpose of a vector i£l 2 , Then the term in (41a) can be expressed 
as the scalar product [1, —Fq(w)]Sn(t)(G* (w)). Using that N(T)/T converges almost surely 
to A, we can relate the asymptotic behavior of Sjv(t) to that of S n . The latter is obtained by 
applying Theorem 1.4. We prove that the assumptions hold in two steps. 

(a) Let <j) be the mapping (y,w) *-> y [1[g*(uj),i]> l[o,i]] ■ This mapping is continuous from 
(0, oo) X R to Vj. It follows that (39) implies (5) with v defined by 

!/(•)= P((%M],l[o 1 l]) / G-) 

where U* is uniformly distributed on [0,1]. Conditions (6) and (7) then follow by 
Remark 1.5. 
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(b) We must next prove the asymptotic negligibility condition (8). It suffices to prove 
it for the first marginal X = Y1m\\. For e > and n > 1, define G n ^(t) = 
na~ 2 e a E[Y 2 l{y< a „ e } l{u<t}]- lt follows that (34a) and (34b) hold withp = 2, 7 = 1 and 
F n = sup 0<e<1 G n>e = G n< i. Moreover, by Assumption (39) and Karamata's Theorem, 
we have lirm^oo G n ^\(t) = t. Thus we can apply Corollary 2.15 to obtain (8). 

By Theorem 1.4, the previous steps imply that S n converges weakly in (V, J\) to a bivariate 
stable process which can be expressed as [Z, Z(l)], where Z is a totally skewed to the right 
a-stable Levy process. □ 

For completeness, we state the following result. 

Proposition 3.5. Under Assumption (39), o^ 1 {At{4>) — EL4t(<^)]} converges weakly to a 
stable law which can be expressed as J*^ {(j>{w) — X&\Y(j){Wy\}M{dw), where M is a totally 
skewed to the right stable random measure with control measure G* , i.e. 

t| a A Ca E[|^(^*)| a ]{l + isign(t)/3(^))tan(^a/2)} , (42) 

where W* is a random variable with distribution G* , f3(<fi) = E[</>" (VF*)]/E[|0(W / *)| a ]. 
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